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ANALYTIC FILLING OF TOTALLY REAL TORI 


KAI ZEHMISCH 


Abstract. We prove that any embedded Maslov index two analytic disc at¬ 
tached to a totally real torus in the complex two-dimensional affine space 
extends to an analytic filling provided that the torus is contained in a regular 
level set of a strictly plurisubharmonic function. 


1. Introduction 

We consider an embedded 2-dimensional torus T in the affine space C 2 . We 
assume that T is totally real in the sense that no complex line is tangent to the 
torus T. We abbreviate 

S 1 = M/27tZ and D = {\z\ < 1} C C . 

The totally real torus T admits an analytic filling provided there exists an em¬ 
bedding F of the solid torus S'xD into C 2 such that 

(Fi) the boundary S l x 9B is mapped onto T, and 

(F 2 ) for all t € S 1 the restriction of ut '■= F(t, .) to the interior of D defines a 
holomorphic map, i.e., Ut solves the Cauchy-Riemann equation 

Sx'U't i dylLi 0 
on Int D, where z = x + iy. 

If a thickened disc (— e,e) x B for some e > 0 is embedded instead the map F 
is called a local filling. The aim of this note is to prove the following extension 
result. 

Theorem 1.1. IfT is contained in a regular level set of a strictly plurisubharmonic 
function on C 2 then any local filling ofT extends after restriction to a global analytic 
filling of T. 

The Clifford torus is the embedded totally real torus given by the product 
of unit circles <9B x <9B inside C x C so that the solid tori B x <9B and <9B x B 
induce an analytic filling each. Notice that the Clifford torus is contained in the 
expanded 3-sphere y/2 ■ S 3 of all vectors having length \f2. A small perturbation of 
the Clifford torus inside \/2- S 3 that fixes a neighbourhood of {1} x SB or <9B x {1} 
for example yields totally real tori that admit local fillings but might not be foliated 
by circles of the Hopf fibration. In view of Theorem 1 1.1 1 the perturbed Clifford tori 
still admit global analytic fillings. This can be obtained by the perturbation results 
of Alexander [2: and Bedford j4], alternatively. 
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More generally, we consider the 2-sphere S 2 in S 3 C C x C obtained by inter¬ 
secting with the real hyperplane Cxi. The intersections with the complex lines 
C x {s}, s £ (—1,1), define an analytic filling of S' 2 , cf. |14| . The filling collapses at 
the singular points (0, ±1), at which S 2 is tangent to the complex lines C x {±1}. 
Attache an embedded 1-handle to S 2 inside S 3 that is obtained from a small tubu¬ 
lar neighbourhood of an embedded path that connects (0,±1) and is everywhere 
transverse to the field of complex lines TS 3 fliTS 3 , cf. [T31 Section 3.3.2]. The con¬ 
struction results in a possibly knotted totally real torus inside S 3 , cf. [201 Section 
4.5 & 5.3]. The totally real torus admits a local and, hence, with Theorem 11.11 a 
global analytic filling. A general existence result for analytic fillings of totally real 
tori that are unknotted in S 3 is obtained by Duval-Gayet [10]. 

We remark that the example of attaching a 1-handle generalizes to small per¬ 
turbations of embedded 2-spheres in regular level sets of strictly plurisubharmonic 
functions invoking Giroux elimination lemma [l&j and local Bishop discs [7] or global 
fillings obtained by Bedford-Gaveau [5], Gromov m, Eliashberg m , Bedford- 
Klingenberg [6], Kruzhilin (22], and Ye [29] . 

1.1. Totally real isotopies. By the results of Borrelli BM there are infinitely 
many isotopy classes of embedded totally real tori in C 2 . Precisely one class admits 
analytic fillings, see Proposition 16. II In Section [6] we will prove: 

Corollary 1.2. IfT is contained in a regular level set of a strictly plurisubharmonic 
function on C 2 and admits a local filling, then T is isotopic to the Clifford torus 
through totally real tori. 

1.2. Non-trapped characteristics. The complex lines tangent to a regular level 
set of a strictly plurisubharmonic function constitute a field of real 2-dimensional 
planes, which turns out to be a contact structure, see Section 12.11 and Section [5] 
below. The foliation on T cut out by the contact structure is the so-called charac¬ 
teristic foliation, which is transverse to the foliation obtained by the boundary 
circles of an analytic filling. In Section l4~2l we will show: 

Corollary 1.3. In the context of Th,eorem \l.l\ cylinders in T cut out by boundary 
circles of holomorphic discs that belong to an analytic filling do not admit trapped 
characteristics. 

In view of m we call a characteristic which does not connect the two boundary 
components of the cylinder to be trapped. The corollary says that any boundary 
circle induced by an analytic filling is a global circle of section for the characteristic 
foliation of T. In particular, any integrating and non-vanishing vector field defines 
a Poincare section map on all boundary circles. Hence, the characteristic foliation 
is homotopically trivial, i.e., any integrating characteristic line field is homotopic 
to the kernel of a non-singular closed 1-form. 

2. Recollections 

2.1. Pseudo-convexity. A real valued function H on C 2 is called strictly pluri¬ 
subharmonic if the 2-form —d(dU o i) is positive on complex lines, i.e., 

—d(d H o i) (u, iu) > 0 

for all non vanishing tangent vectors v of C 2 . This is equivalent to say that H o u 
is strictly subharmonic for any holomorphic map u: D —x C 2 defined on an open 
domain D of C 2 , cf. p~5] Section 3.1]. 
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We assume that T is contained in the regular level set M := H 1 (0) and write 
W = H ~ 1 ((—oc, 0]). Then dW = M as oriented manifolds. The restriction of 
—d H o i to the tangent bundle of M defines a positive contact form on M whose 
kernel £ equals TM Hi TM. Therefore, £ is invariant under the multiplication by i. 
The characteristic foliation Tg of T is the intersection of TT with £. Because T is 
a totally real torus the intersection is transverse so that Tje is indeed a 1-dimensional 
foliation on T. Choosing a co-orientation of T in M the complex orientation of £ 
orients T<t, i.e., the leaves of T, c the so-called characteristic leaves of T. 

The strong maximum principle of E. Hopf applied to H o u yields that any 
non-constant holomorphic map u: (0,90) —> (C 2 ,T) sends the interior of D into 
the interior of W such that the restriction of u to 90 is an immersion positively 
transverse to £, see 14, Proposition 4.2]. Therefore, we can choose an orientation 
of T such that the holomorphic discs given by the local filling of T intersect the 
leaves of T,\ positively. 

2.2. Factorizability. One consequence of the maximum principle is that all non¬ 

constant holomorphic maps u: (B, 9B) —> (C 2 ,T) do not have any mixed self¬ 
intersection points, i.e., u does not map an interior point of D to u(9B). In view of 
Lazzarini’s work this implies that u either is simple or multiply covered. 

This means that there exist 

• a holomorphic map 7r: (B,9D) —> (B,9B) that is continuous up to the 
boundary and satisfies 7r _1 (9B) = 9B and 

• a holomorphic map v : (B, 9B) —> (C 2 , T) with a dense set of points z £ B 
satisfying T z v ^ 0 and u -1 (u(z)) = {z} 

such that u = v o n. Being simple corresponds to 7r having mapping degree 1 as it 
is satisfied for v. 

2.3. Topological index. Denote by A a relative homotopy class of continuous 
maps it: (B,9B) —> ( W,T ). The Maslov index n(A) of A is defined to be the 
Maslov index of the bundle pair \u*TW. u*TT ) for any disc map u representing A , 
see m Section C.3]. Notice, that the Maslov index p([u]) does not change if the 
map u is perturbed through homotopies relative T that even take values outside 
lb C C 2 . In other words, fi(A) is uniquely determined by the image 9 *A under the 
boundary homomorphism 9* that maps 7r2(C 2 ,T) isomorphically onto tti(T). 

We remark that the Maslov index /i(A) is an even integer for all classes A because 
T is orientable. This is because the forgetful map from the space of oriented real 
planes through 0 G C 2 onto the space of all real planes through 0 G C 2 has degree 
two, cf. _26] p. 52/53], j3. Appendix] and [27] p. 554]. 

2.4. Intersection product. A smooth map (B,9B) —> ( W,T) is called admissi¬ 
ble if it sends IntB into Int W, restricts to an immersion on 9B, and is transvers to 
M. Any non-constant holomorphic map (B,9B) -A (C 2 ,T) is admissible, see Sec- 
tion l2.ll For admissible maps u \, U2 '- (B, 9B) —A ( W , T ) an intersection number 
u\ • U 2 is defined provided u\ and U 2 intersect in only finitely many points and the 
span of the tangent spaces to u\ (B) and U 2 (B) at all boundary intersection points is 
not 3-dimensional, see [14] Section 8]. We will say that u\ and «2 intersect nicely. 

To each interior intersection point a local intersection multiplicity is assigned. 
For boundary intersection points one takes local intersection multiplicities of ex¬ 
tensions of «i(B) and 112 (B) by local Schwarz reflections, see [H P- 569-571], By 
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definition the intersection number u\ • U 2 is the total sum of local intersection mul¬ 
tiplicities, where interior intersections are counted twice, see m Definition 8.8]. In 
m Proposition 8.9] it is shown that u± • U 2 only depends on the relative homo- 
topy classes [iq] and [ U 2 ] in 7r 2 (W, T). By [14] Proposition 8.2] the condition on 
u\ and U 2 to intersect nicely is generic. Hence, the intersection number defines an 
intersection product • on n 2 (W,T), see [14] Remark 8.11]. 

2.5. Non-negativity of intersections. By |T4] Proposition 9.1] any two distinct 
holomorphic discs U\,U 2 '- (0,90) —> (C 2 ,T) intersect nicely. The intersection 
number u\ • U 2 is non-negative and equals zero if and only if u\ and 112 have 
disjoint images, [141 Theorem 9.2], 

2.6. Relative adjunction inequality. The embedding defect of a relative ho- 
motopy class A in ^(IT, T) is defined to be 

D(A) = A • A - p(A) + 2 . 

For all simple holomorphic maps u: (D, 90) —»• (C 2 , T) the embedding defect £)([«]) 
is non-negative and vanishes if and only if u is an embedding, |14[ Theorem 9.4]. 

Proposition 2.1. Let F be a local filling of T. Then the Maslov index of F(t, .) 
equals 2 for all t. 

Proof. Set u t = F{t , .). The embedding defect D([uq]) vanishes because uq is an 
embedding. The intersection product [rto] • [ito] is equal to the intersection number 
uo • Ut for t > 0 small, which is zero as uo(D) and u t (D) are disjoint. Therefore, 

M([«o]) = 2 - 1=1 

Example. Consider the holomorphic embedding u(z) = ( z,z ), z £ D, that takes 
boundary values on the Clifford torus 90 x 90 inside y/2 ■ S 3 . As u has Maslov 
index 4 there is no filling of the Clifford torus that extends u, which of course can 
be verified directly. 

Remark 2.2. In [22] Kruzhilin showed that any totally real torus that is contained 
in a regular level set of a strictly plurisubharmonic function admits a family of 
Maslov index 2 holomorphic discs that are attached to the torus passing though all 
its points. Therefore, the total obstruction to extend to an analytic filling lies in 
the vanishing of the self-intersection number of the represented relative homology 
class. 

2.7. Automatic transversallity. We formulate the converse of Proposition 12.II 
For that consider a holomorphic embedding u: (0,90) —> (C 2 ,T). We call the col¬ 
lection of three pairwise disjoint local paths in T that intersect u(9D) transversally 
in a single point resp. the transverse constraints. 

Proposition 2.3. Letu: (D, 90) —> (C 2 , T) be a holomorphic embedding of Maslov 
index 2. Then there exists a local filling F of T that extends u = F(0, .) such that 
the curves t 1 —> F(t, i k ), k = 0,1,2, locally parametrize the transverse constraints. 
Moreover, the filling is unique up to re-parametrizations in the time variable t and 
shrinking the time interval. 

Proof. This is worked out in [20] Section 2] and [21, Section 3.2]. The necessary 
modifications in view of the transverse constraints, can be achieved similarly to [141 
Lemma 7.5 and Proposition 7.6] by a choice of a Riemannian metric that turns T 
and the three transverse constraints into totally geodesic submanifolds. □ 
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3. A MODULI SPACE 


We assume the situation of Theorem o and denote the local filling of T by F. 

3.1. Definition. Set u o = F( 0, .). Provide the space of all holomorphic maps 
u: (D, c©) —> (C 2 ,T), which by Section [2.11 take values in W, with the C°°- 
topology. The subspace consisting of all u that are homologous to u o in W relative 
T is denoted by At. Notice, that all holomorphic discs u £ At are simple. To 
see this factor u = v o n as described in Section [2721 Because /i([v]) is even and 
Proposition 12. II the degree of the holomorphic map n must be one. In particular, 
the group G of conformal automorphisms of (B, i) acts without fixed points via 
re-parametrizations. The moduli space Ai is defined to be the quotient Al/G. 

Because .D([zio]) vanishes all holomorphic maps in At are embeddings with 
Maslov index 2, cf. Proposition 12.11 By Section 12.51 the images of holomorphic 
maps in Ai that have distinct images, i.e., represent distinct classes in Ai, are in 
fact disjoint because of [ito] • [«o] = 0. With the arguments from Proposition 12.31 
Ai is a 4-dimensional, and hence Ai a 1-dimensional, smooth manifold. 

3.2. Geometric bounds. Denote by B a ball in C 2 that contains the torus T. 
Because B is a sub-level set of the strictly plurisubharmonic function z i —> q|z| 2 
all holomorphic discs zi(B) with u(SB) C T are contained in B. This again follows 
from the maximum principle. 

3.3. Cutting the torus. The image of itoldB is an oriented knot in T, which is 
transverse to the characteristic leaves of T, see Section 12.11 Therefore, no(<9B) 
can not bound a disc inside T. In view of [28] p. 25] the complement T \ mo(< 9B) 
is diffeomorphic to S 1 x (0,1). We may assume that the boundary circles of the 
holomorphic discs that belong to the local filling F coincide with the slices S 1 x {f} 
for t € (0, e) U (1 — e, 1) so that we can add two copies of uo(dB) to the cylinder to 
get S' 1 x [0,1]. According to the orientation convention in Section [2~TI the leaves of 
Xj point inwards S 1 x [0,1] along S 1 x {0}. 

3.4. Energy bounds. Denote by u> the symplectic form dx A dy of C 2 = R 4 . The 

energy E(u) of a holomorphic disc u is defined by Because i and cu are 

compatible E(u) is equal to the Diriclrlet energy of u, see [27] Section 2.2]. Both 
descriptions imply that the energy is invariant under conformal re-parametrizations. 

Proposition 3.1. The energy function [u] i —> E(u ) on Ai is bounded from above. 

Proof. We consider a holomorphic map u € At that is not a conformal re-parametri- 
zation of u 0 . Then u(3B) divides T\uo(dB), which is diffeomorphic to S 1 x (0,1), 
into two non-empty cylindrical components, because the knots zto(dB) and zt((9B) 
are homotopic in S 1 x [0,1]. We denote the cylinder for which u(5B) is an oriented 
boundary component by C. Therefore, by Stokes theorem 



writing A instead of xdy. Choose an area form a on T so that lo = fo for a smooth 
function / on the 2-torus T. Therefore, 


C 


w < max |/| • a(C) , 
o 
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where we denote the total area of a subset U C T by cr(U). Combining both 
expressions we obtain 

E(u) < E(uo) + max |/| • a(C) . 

Repeating the argument with C replaced by T \ C we eventually obtain 

E(u) < E(u 0 ) + \ max |/| • cr(T) 

because the minimum of two real numbers is smaller than the arithmetic mean. □ 


3.5. Compactness. Any sequence in A4 has a subsequence that Gromov converges 
to a stable holomorphic disc u, which represents the relative homotopy class [uo], 
see [T2j, Theorem 1.1]. By Liouville’s theorem u has no spherical components. 


Proposition 3.2. A4 is compact. 


Proof. We consider a sequence in M. We can assume that the boundary circles 
of the holomorphic discs stay in the complement of F[f— e/2, e/2) x SO). Denote 
by u 1 ,..., u N the components of a limiting stable holomorphic disc of a Gromov 
converging subsequence. We conclude that the circles v?{d D) are contained in the 
complement of uo(SD), i.e., in S l x (0,1). We will show that N = 1 so that the 
chosen subsequence descends to a converging sequence in M.. 

As described in Section 12.21 each of the holomorphic discs u? factors through 
a simple holomorphic disc v 3 via a branched covering map of degree rrij > 1. 
Therefore, [ito] equals 

N 

M = J2 m A vl ) 

o =1 

in n 2 (W, T). We can assume that the images of the id’s are pairwise distinct. If not 
we combine any pair of classes that represent id’s with common image to a single 
class weighted with the sum of the multiplicities. This procedure shrinks N and 
enlarges the mj’s. 

We will utilize the argument on m p. 549/50] and assume by contradiction that 
N > 2. Because [uo] • [uo] = 0 we get with Section [2~5l that [uo] • [u 5 ] = 0 for all j. 
Substituting the above expression for [mq] once more we get for all j 

N 

0 = ^ ~2m k [v k ] • [v j ] 
k =1 


or equivalently 

-mj[t) 3 ] • [id] = mk[v k ] • [V] . 

At least two of the id ’s, which originate from the bubble tree of the limiting stable 
holomorphic disc, must intersect. Section 12.51 yields that the right hand side is 
positive. Therefore, [V] • [V] < —1 for all j. 

Because p([uo]) = 2 we get furthermore 


N 

2 = ]) ' 

3 = 1 

Moreover, by Section [7TT)1 the embedding defect 


0 < D([rd]) = [u- 7 ] • [u- 7 ] — /i([id]) + 2 
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of the [ib']’s is non-negative. Combining both yields 

N 

2 < M + 2 ) • 

3 =i 

We conclude that at least one of the id ’s, v 1 say, has self-intersection number equal 
to [id] • [id] = —1. 

We can approximate id by a smooth admissible map w: (0,90) —> ( W,T ) that 
represents [id] and intersects v 1 transversely in a finite number of points, see in 
Remark 8.6] and Section fOl Hence, v 1 •w = — 1. The contributions from interior 
intersections to the intersection number id • w is even because they are counted 
twice. Therefore, id (90) and ic(9D) intersect in an odd number of points, which are 
transverse intersections by construction. This implies that the ordinary intersection 
product 

[u 1 |an] ■ [td| OT ] = [4 Ian] ■ [to|ao] d 0 

does not vanish on the first homology of T \ itg(9D). In other words [id|an>] 4 0, 
so that the classes of id|ani and mo|od are non-trivially co-linear in _£/i(T\uo( 9ID)), 
the latter being identified with Z[uo|an] • We infer that 

[wolan] • [uo|an] 4 0 . 

This is a contradiction as ito(9ID) and F(e/ 2,9D) are disjoint. Hence, N = 1. □ 


4. Extensions of local fillings 


4.1. Holomorphic discs with one boundary marked point. Consider the 
quotient space 

M 1 =M x G 9KD 


by the action 

g * (u,z) = (uog,g~ 1 (z)) . 

By Section [3Tl and Proposition [372] the moduli space M 1 is a closed surface. Charts 
can be obtained via local fillings as described in Proposition 12.31 For any u £ M 
and transverse constraints Co,Ci,C 2 that intersect it(9ID)) in it(l),it(i), u(— 1), resp., 
there exists a local filling F: (—e,e) x D —> C 2 that extends u = E(0, .). The 
local filling is uniquely determined up to re-parametrizations in time. The map 
(—£,£) x 9D —> M 1 given by (t,z) >->■ [_F(t, - ),z] is a local parametrization near 
(it, z). In order to obtain coordinate changes consider local fillings F\ and F 2 that 
extend u and it o h, h £ G, resp. By shrinking the time intervals we can assume 
that the images coincide. Therefore, we obtain a diffeomorphism 

F- 1 oF l = ( f,g ): (-£i,£i) xD —> (-£2,4) x ® , 


where /: (—£i,£i) — > (—£2,4) ' s a smooth strictly increasing function and g = gt , 
t € (—£i,£i), a smooth 1-parameter family of conformal automorphisms in G such 
that /(0) = 0 and g 0 = /i -1 , see [20l Theorem 18] and [21], Proposition 3.12]. 
The desired coordinate change (—£1 , £ 1 ) x 9D —> (—£2,4) x 9H5 according to the 
parametrizations F\ and F 2 spells out as (t,z) i-A (/ (t) , gt.(z)). In particular, the 
evaluation map 

ev: M l —T , [it, z] '—» u{z), 

equals (t, z) i-A F(t, z ) in the chart obtained by F. Because ev is injective by Section 
12.51 and Section 12.61 the evaluation map ev is a diffeomorphism. 
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4.2. No trapped characteristics on the cut off torus. We identify T\u o(c®>) 
with S 1 x (0,1) according to the conventions in Section ITTTTTI 

Proposition 4.1. Each characteristic leaf of S 1 x (0,1) connects S 1 x {0} with 

S 1 x { 1 }. 

Proof. Choose a characteristic leaf £ on S 1 x (0,1) that intersects S 1 x {0}. For 
each point p £ £ there exists a local filling F p such that F p { 0, c®) intersects p, see 
Section ITT! Denote by 

U = IJ F p([-£p,£p) x <®) 

P&i 

the union of the images of all local fillings F p , p € l, in S 1 x (0,1). Denote by So 
the supremum of 

proj 2 (ll (~l ({ 0 } x ( 0 , 1 ))) 

in the unit interval (0,1). Then there exists a local filling Fq such that Fo(0, c®) 
intersects the point (0, So) in S 1 x (0,1). The image of F 0 in S 1 x (0,1) overlaps 
with U. Because £ intersects boundary circles of holomorphic discs transversally 
each boundary circle of each holomorphic disc Fo(t, .) intersects £ non-trivially. 
Hence, So = 1 and Fo(0, c®) coincides with S 1 x {1} so that £ connects S 1 x {0} 
with S ' 1 x {1}. □ 

4.3. Gluing local fillings. We consider a local filling F: (—e, e) x D —y C 2 of T 
and set u o = F(0, .). In view of Proposition 14.11 we choose three disjoint smooth 
knots A'o, Ki , K- 2 in T such that each coincides with a connected characteristic leaf 
on S 1 x [e, 1 — e] and is transverse to the boundary circles of F(t, .), whose images 
correspond to the slices in S 1 x ((0, e) U (1 — e, 1)). Therefore, each holomorphic 
disc u £ A4 intersects each knot Kk transversely. We can assume that uo(i k ) £ K 
for k = 0,1, 2. 

Let Ali^-i be the moduli space of all u £ A4 such that in u(l) £ Kq,u(i) £ 
Ki,u(—1) £ K 2 - Requiring the three marked points to he on the respective knots, 
which play the role of global transverse constraints, is the same as to build the 
abstract quotient A4. A variant of the considerations in Section 14.11 that ignores 
the marked point shows that 

A4i,i,_i— >M, u i —> [u] , 

is a diffeomorphism. Therefore, is a circle, which of course can be seen 

directly with Proposition 12.31 and [TT! Proposition 7.1]. 

The evaluation map 

ev: .Ad 14,-1 x c ®—y T , (it, z) <—y u(z) , 
is a diffeomorphism, as it factors though the diffeomorphism 

A4i,i,_i x <9D —y M 1 , (it, z) i —y [u , z] , 

and the evaluation map we considered earlier, see Section 14.11 By construction 
evi = ev(., 1 ) maps A4i.i,-i diffeomorphically onto the knot Kq. Therefore, choos¬ 
ing a regular parametrization c: S 1 —y Kq the map 

S'xD —y C 2 , (t,z) i—> (evf 1 (c(f )))(*:) , 

turns out to be an analytic filling of T cf. in Proposition 5.2]. 
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Proof of Theorem 11.11 Denote by F± the global analytic filling just obtained. 
The given local filling is denoted by F 2 . Then F 2 l o F\ has the form (/, g) as 
indicated in Section 1 m This time / sends (a, b) to (—£,£), where we can assume 
that a £ (— 7 r, 0) and b £ (0, 7 r). The path g = g t in G is parametrized by t £ (a, b ). 
Replace / by a smooth strictly increasing function that is the identity near 0 and 
coincides with the old near ±e. Similarly, replace the path g t by a path in G 
that is constantly equal to the identity near 0 and coincides with the old path 
near ±e. This is possible because the group G of Mobius transformations on B 
is diffeomorhic to 5 1 x 1 and, hence, connected. The analytic filling that equals 
F 2 0 (/, g) on (a, b) x B and F\ elsewhere on S ' 1 \ (a, b) x B is an extension after 
restriction of F 2 . □ 


5. Generalizations 

Theorem 11.11 remains valid if we replace C 2 by any Stein surface, which is a 
complex 2 -dimensional complex manifold that admits a proper holomorphic em¬ 
bedding into a complex affine space, cf. m p. 283/4]. In fact the integrability of 
the almost complex structure is not used in the proof. The theorem therefore can 
be phrased in the following form: 

Let (M, £) be a closed oriented contact 3-manifold with a positive contact 
form a, i.e., a A da > 0. Let (W,oj) be a weak filling of (M, £), i.e., a compact 
symplectic manifold, which is oriented by w 2 , such that dW = M as oriented 
manifolds and the restriction of w to £ is positive. Assume that the symplectic 
manifold admits an almost complex structure J that turns T C M into a totally 
totally real torus, leaves £ and its symplectic orthogonal invariant, and is tamed 
by w, i.e., w is positive on J-complex lines. In particular, the boundary M is J- 
convex, i.e., the complex tangencies £ define a positive contact structure, see [TB] 
p. 538] and [Hi Remark 4.3]. 

Assume that T admits a local filling F. Then F extends to a global filling of 
T after restriction, either if H 2 W has no spherical classes A with w(A) > 0 and 
A ■ A = —1, or J is perturbed away from F([—e/2, e/2] x B) to be generic for 
precisely those classes and (W, w) is minimal, i.e., does not admit any embedded 
symplectic sphere of self-intersection equal to —1. Indeed, if J turns all simple stable 
holomorphic discs that have an exceptional sphere component as described into 
a regular moduli space problem no further assumption on W are necessary. 

The proof is a variation of the one we gave. In order to get uniform energy 
bounds replace the primitive A in Proposition 13.11 by a 3-chain that has boundary 
rt(B) + C — ito(B), which exists by assumption. Moreover, combine the intersection 
argument from Proposition 13.21 with the one from Hi p. 549/50], and from [15] 
p. 276] in the generic case described at last, in order to prove compactness. 

6. From filling to isotopy 

We consider a totally real torus T C C 2 which is provided with an analytic filling 
F: S 1 x B —> C 2 . We write u t instead of F(t, .) for all t £ S 1 and parametrize the 
Clifford torus by 

S ’ 1 x <9B —>■ C 2 , (t, e ie ) X (e i( , e ie ) . 

Corollary II. 21 will follow from the following: 


10 


KAI ZEHMISCH 


Proposition 6.1. There exists an isotopy $ of embeddings S 1 x c®> — > C 2 that 
connects $o = F with the chosen parametrization $1 of the Clifford torus such that 
the image tori $ s (<S' 1 x c®) are totally real for all s £ [0,1]. 


Proof. By the unknotting theorem [I] Corollary 7.2] the embeddings F(. , 0) and 
t i-A (e 1( , 0) of S ' 1 into C 2 are isotopic. We denote the isotopy by 

ip: [0,1] x S 1 —* C 2 , (s,t) 1 —> tp s (t) . 

The isotopy defines a trivial complex plane bundle E = ip*TC 2 , which has a pre¬ 
ferred non-vanishing section X defined by Xr s ,t) = T t ip s (dt). The complex line 
bundle generated by X is denoted by E\. Let E 2 be a complementary complex 
subbundle of E\ in E such that the fibre of Ei over (0,f) equals the tangent plane 
of the disc ut( D) at ut( 0) and the fibre of E 2 over (1, t) is equal to {e l4 } x C. Choose 
a complex trivialization of E that preserves the splitting E\ © E 2 . Together with 
the normal exponential map of the Euclidean metric we obtain an isotopy $ of 
embeddings 

(S ' 1 x (-£,£)) x D 2 —> C 2 

for some small £ > 0. The isotopy $ restricts to <p on [0,1] x S 1 x {0} x {0} such that 
$1 (t,r;z) = (e l 4 ,,z) and that <b*i leaves the splitting (S 1 x (—£,£)) x D 2 invariant. 

The desired isotopy will be a combination of isotopies. In a first, we shrink T 
via 

(t,e w ) 1 —> F(t,re l6 ) 

into the image of $ 0 , which is a neighbourhood of F(S 1 ,0), by making r small. 
The neighbourhood contains a second family of embedded totally real tori that 
are parametrized by 0; re 161 ). The tangent spaces to the tori for t and 6 

fixed converge in both families to the real plane spanned by the vectors X(o,p and 
2 n (t,o ; o) < i ) o(0, ie 1 ®) as r tends to zero. Hence, for r sufficiently small the angles be¬ 
tween the respective tangent planes is less than 7r/2 so that the convex combination 
oi F(t,re l9 ) and <f> o (f,0 ; re lS ) induces an isotopy of embeddings. Shrinking r again 
if necessary the isotopy will be through totally real tori because the space of all 
real planes in the Grafimannian of all 2-dinrensional subspaces of C 2 = M 4 is open. 
The third isotopy is given by 

(f,e 10 ) 1 —> $ s (t, 0 ; re lB ) 


sending s to 1 and the last brings dD 2 x dD 2 to the Clifford torus by radially 
expanding the second circle factor. □ 
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